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Abstract: Image formation in Coherent Anti-Stokes Raman Scattering
(CARS) microscopy of sub-wavelength objects is investigated via a
combined experimental, numerical and theoretical study. We consider a
resonant spherical object in the presence of a nonresonant background,
using tightly focused laser pulses. When the object is translated along
the laser propagation axis, we find the CARS signal to be asymmetric
about the laser focal plane. When the object is located before the focus,
there is a distinct shadow within the image, whereas the brightest signal is
obtained when the object is behind the focus. This behaviour is caused by
interference between resonant and nonresonant signals, and the Gouy phase
shift is responsible for the observed asymmetry within the image.
© 2011 Optical Society of America
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1.

Introduction

Coherent Anti-Stokes Raman Scattering (CARS) is a parametric nonlinear optical process
which underlies an increasingly important method for molecule-specific, non-invasive imaging
of biological tissues and cells [1]– [4]. CARS has grown from first proof-of-principle experiments [5] to the high-performance facilities capable of obtaining high-resolution CARS images with video frequency [6]. Combined with other nonlinear imaging modalities, CARS microscopy has become a promising tool for in-vivo real-time studies of biological processes [7].
A correct interpretation of the images formed via parametric nonlinear microscopies such
as CARS, however, requires detailed consideration of the image formation process. In fluorescence microscopy, the macroscopic response of the ensemble of molecules within the laser
focus is the incoherent sum of all the microscopic (per molecule) responses. As such, the relationship between the spatial distribution of signal intensity and the spatial distribution of
molecules generating the signal is one-to-one. In parametric nonlinear optical microscopy, this
is not the case because the macroscopic response is the coherent sum of the microscopic responses and depends therefore on the local order (symmetry, alignment etc.) of signal generating molecules within the focal volume. For example, signals from molecules within different
spatial regions of the laser focal volume can destructively interfere with each other, greatly
altering the image and, therefore, its interpretation. Parametric nonlinear microscopy of subwavelength structures may introduce distortions into the image that cannot always be predicted
by models. For example, recent microscopy experiments using another parametric process, second harmonic generation (SHG), showed that image formation was not simply related to the
concentration of the species being probed [8]. Similar distortions were previously discussed for
backward direction-detected CARS signals [9].
It is our aim to investigate the nonlinear optical image formation process in samples that are
spatially heterogeneous on sub-wavelength scales. Here we present the first results of a combined numerical-experimental program designed to investigate the details of nonlinear image
formation in CARS microscopy. We begin with the images of the simplest of systems, a spherical polystyrene bead embedded in a featureless substrate, in order to clearly demonstrate effects
of the coherent, parametric nature of CARS microscopy. We find, somewhat counter-intuitively,
that the detected CARS signal is asymmetric with respect to the bead’s physical location along
the laser propagation axis. Our experiments reveal that the maximum anti-Stokes image intensity appears when the bead is located behind the laser focus. By contrast, when the bead is
located before the laser focus, a ‘shadow’ appears in the image, i.e., the signal decreases below
the level of the nonresonant background. Although a very simple system, this shadow formation and the apparent displacement and asymmetry of the bead indicates the need for a clear
understanding of the image formation process.
The paper is organized as follows. In Section 2 we present experimental observations of an
asymmetric intensity pattern detected from a small polystyrene bead translated along the laser
axis. Section 3 provides a description of detailed FDTD calculations, which show that the effect
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occurs only for a resonant scatterer in the presence of a nonresonant background. An analytical
model of asymmetric pattern formation is developed in Section 4, where the role of the Gouy
phase shift in the shadow formation is determined.
2.

Experimental observations

The experimental setup utilized here has been previously described elsewhere [10]. Briefly,
a femtosecond Ti:Sapphire oscillator output is split, with part of the beam used to pump a
photonic crystal fiber (PCF) and the other used as the pump beam. The continuum from the
PCF is filtered, then chirped using a block of SF6 glass and used as the Stokes pulse. The Stokes
beam is recombined with the remainder of the Ti:Sapphire light. The combined beams are sent
to an Olympus Fluoview FV300 confocal laser scanning microscope modified for multiphoton
microscopy. A minor change compared to previous work is that the 10 cm block of SF6 was
removed for the experiments described here. To ensure that the Stokes and pump beam were
overlapped in space, gold nanoparticles were dried onto a coverslip and imaged. The best focus
position was independently measured for the pump and Stokes and found to be identical within
measurement error.
The sample used was 1 μ m polystyrene fluorescent beads (Polysciences Inc.) suspended in
an agarose gel. The two-photon excited fluorescence (TPEF) due to the pump was collected in
the epi-direction. CARS was tuned to the resonance of the polystyrene beads (∼2850 cm−1 )
and was collected in the forward direction. The axial response of several beads were averaged.
The location of each bead with respect to the best laser focus was determined by the TPEF
signal, which is maximal for a bead at the best focus. The displacement of the bead relative to
the focus was generated by moving the objective lens. The axial response as a function of the
displacement from the focal point of the pump is shown in Fig. 1a, demonstrating that the peak
of the CARS response is displaced from the peak of the TPEF. Furthermore, there is a clear
decrease in the CARS signal for beads located on the other side of the focus.
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Fig. 1. (Color online). (a) Measured axial response of suspended polystyrene beads as a
function of normalized displacement from the laser focus. The TPEF signal maximum is
taken as the optimal focal position. The CARS signal is measured on resonance at ∼2850
cm−1 . (b) Far-field integrated CARS signal vs. scatterer position relative to the best focus
as calculated via FDTD, for scatterers of varying radius R, and for no scatterer. (c) FDTD
calculated CARS signal for R = 0.4 μ m as in (b), including the cases where the background
is index matched, and the background has no nonresonant nonlinear response. x0 is the
position of the bead, xR is the Rayleigh length of the laser beam focusing lens (∼ 4 μ m in
experiment, ∼ 2 μ m in simulations) at the pump frequency.

This phenomenon can lead to appearance of artefacts in CARS microscopy images. Fig.
2 shows images of polystyrene beads embedded in agarose gel for two different axial focal
positions. In Fig 2a, the laser is focused at a depth of 12.8 μ m into the sample. The arrows
indicate some dark spots (shadows) that are clearly visible in the image. In Fig 2b the focus
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position is moved to a depth of 8.8 μ m, i.e., closer to the laser source. The shadows of Fig 2a,
have now turned into bright spots in Fig 2b.

Fig. 2. CARS images of 1μ m diameter polystyrene beads embedded in agarose gel taken
(a) 12.8 μ m and (b) 8.8 μ m deep into the sample. The CARS images were taken at a Raman
shift of 2850 cm−1 . The arrows show examples of dark spot artefacts in image (a), which
correspond to bright spots in image (b).

3.

Numerical simulations

To understand the experimental CARS signal in Fig. 1a, we developed a numerical tool that
simulates the near-field interaction between the tightly focused laser sources and a small scatterer, as well as performs the far field detection. For the near-field interaction, we solve the
 = (1/c)∂ D/∂ t, using the
3D Maxwell equations in CGS units, ∇ × E = −(1/c)∂ B/∂ t, ∇ × H
Finite-Difference-Time-Domain (FDTD) method [11] with the constitutive relations



D = 1 + 4π χ (1) (r) + χ (3) (r)E 2 E + 4π PR ,
k
(1)
 = B,
H
(3)

where χ (1) and χk are the first- and third-order instantaneous susceptibilities, respectively.
The Raman polarization of the resonant medium PR is evaluated according to [12]


PR (r,t) = 1 E · χR (r,t) ∗ E 2 (t) .
4π

(2)

where ∗ symbol denotes a convolution integral and
(3)

χR (r,t) = χR (r)F −1




ωR2
.
ωR2 − ω 2 + 2 jωγR

(3)

(3)

In Eq. (3), χR (r) is the time-independent amplitude of the Raman susceptibility, ωR the resonant frequency of molecular vibrations, and γR the damping factor; F −1 denotes the inverse
Fourier transformation. We use the auxiliary differential equation technique, described in detail
in Ref. [12], for the numerical evaluation of Eq. (2).
To evaluate the field of the high-NA laser sources, broad Gaussian pulses of radius RG , tightly
focused by a high-NA paraboloidal mirror with radius 2.5RG , are calculated using a technique
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described in a previous work [13]. For the on-axis case, which is what we consider here, a
paraboloidal mirror is equivalent to a high NA objective lens that does not suffer from spherical
aberrations. The field of the focused pulses is excited at the boundary of the simulation domain
using the “Total-Field-Scattered-Field” technique [14]. The laser sources then propagate inside
the domain, and are eventually absorbed at the opposite boundary by a first order Mur absorbing
boundary condition [15]. The medium outside the FDTD simulation box is assumed to be linear
and dispersionless. A near-to-far field transformation [16] in the frequency domain at the antiStokes frequency is used to generate the far-field signal, which is integrated over the solid angle
subtended by the collecting lens to obtain the detected CARS signal (Fig. 3).
We take the pump wavelength to be 800 nm and the Stokes wavelength 1042 nm. The homogeneous background medium has refractive index n0 = 1.33 and a Kerr nonlinearity with
(3)
χk = 5.4 × 10−14 esu [17], which is responsible for the nonresonant signal generation. A single Raman-active sphere of radius R and linear refractive index n = 1.5 was situated at various
locations along the laser propagation axis x̂. Both the pump and Stokes pulses have a FullWidth-at-Half-Maximum (FWHM) of 300 fs, and are focused by a paraboloidal mirror with
(3)
NA = 1.1. The value of χR within the Raman-active sphere was chosen such that the resonantto-nonresonant signal ratio, measured from interaction with a bulk medium, is equal to 50 [7].
A typical simulation was performed in a 12 × 13 × 13 μ m3 box with 403 grid points per μ m3 .
The scattered light was evaluated in the far field and integrated over a solid angle corresponding
to a detector lens with NA = 0.6.
Figure 1b shows the magnitude of the detected integrated CARS signal as a function of
position of the scatterer center along the laser axis, for scatterers of radius R = 0.3, 0.4, 0.5 μ m.
We find results similar to the experimental observations plotted in Fig. 1a: there is a distinct
shadow in the image when the sphere is located before the laser focus. The calculated signal is
also asymmetric, with the maximum occurring when the scatterer lies after the best focus.
To understand this pattern we re-ran the simulations for the R = 0.4 μ m scatterer, where we 1)

Fig. 3. The stages of the numerical experiment: (a) for each source pulse, a broad Gaussian beam is incident onto the surface of a high-NA paraboloidal perfectly reflecting
macroscopic-sized mirror; (b) the electromagnetic field of the mirror is evaluated numerically at the boundary of the microscopic-sized simulation domain and is used as a boundary
condition; (c) the laser pulses interact with the nonlinear media in the domain; (d) the scattered light is collected by the far-field probes and integrated over the appropriate solid
angle; (e) the source pulses are absorbed by the absorbing boundaries of the simulation
domain.
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set the linear refraction index of the background equal to that of the scatterer by putting n = n0 ,
(3)
and 2) removed the nonlinear nonresonant background by putting χk = 0. The resulting farfield integrated CARS signals are shown in Fig. 1c.
For case 1), where the linear refractive indices of the Raman-active scatterer and background
material are equal, we find that the shadow is less dark, but does not disappear. The maximum
signal of the bright spot appears somewhat brighter. This indicates that linear index mismatch
is not the origin of the shadow and the maximum signal shift.
(3)
For case 2), where χk = 0 and thus there is no generated nonresonant background signal,
the detected CARS signal is completely symmetric around the best focus, with no evidence of
a shadow. This indicates that the presence of the nonresonant background, and in particular,
the interference between the nonresonant and resonant generated signals, has a profound effect
on the actual detected CARS signal in the far field. We now discuss this interference in more
detail.
4.

Discussion

We begin by assuming that the laser fields can be approximately described by a Gaussian beam,
and that the pump and Stokes fields (of frequencies ω p and ωs , respectively) have coinciding
spot sizes w0 and Rayleigh lengths xR = kw20 /2, where k is the wave number (approximately
equal for the pump and Stokes sources in this qualitative model). The propagation direction is
x̂ and we take the laser focus to be the origin of our coordinate system. The resonant signal is
generated by a Raman-active sphere located on the laser axis at x = x0 . Both the resonant signal
amplitude and phase thus depend on x0 . As we show in Appendix A, the forward-generated
nonresonant and resonant signals in the continuous wave limit, as observed at the laser axis in
the far-field zone at some point P, can be written as
ENR (t) = E0NR cos(ωast + φ0 ),


E0R
cos ωast + φ0 + π /2 + δ φL + φG (x0 ) ,
ER (x0 ,t) =
3/2
[1 + (x0 /xR )]

(4)

where E0NR is the amplitude of nonresonant signal, E0R the amplitude of the resonant signal
that would be generated by the sphere located at the origin, ωas = 2ω p − ωS is the anti-Stokes
frequency, φ0 is an arbitrary phase constant that depends on the location of P, δ φL is the linear
phase shift originating from unequal refractive indices of the scatterer and background medium,
and φG the Gouy phase shift. The latter depends on scatterer position, and is given by

φG (x0 ) = − arctan(x0 /xR ).

(5)

Summing up the resonant and nonresonant fields in Eq. (4) one can readily obtain the intensity of the total signal

ρ2
ρ sin(δ φL + φG )
I ≈ I0 1 +
−2
,
(6)
2
3
[1 + (x0 /xR ) ]
[1 + (x0 /xR )2 ]3/2
where I0 is the intensity of the nonresonant signal and ρ = E0R /E0NR . Eq. (6) is plotted in Fig.
4a. We estimated the linear phase shift by

δ φL ≈ k(n − n0 )R,

(7)

which gives values of ≈ π /10, π /8, π /7 for R = 0.3, 0.4, 0.5 μ m, respectively. We have also
set, correspondingly, ρ = 0.4, 1, 2 in Eq. (6), that is consistent with Fig. 1b. We find that the
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shapes of our estimated signal in Fig. 4a match very well with our rigorously calculated signals
in Fig. 1b. We thus conclude that Eq. (6) is a reasonable approximation and can be used for
qualitative estimations.
When the phase shift δ φL is set to zero (Fig. 4b), we find that the asymmetry in the signal
remains, however with an increased maximum signal and a smaller depth of shadow. This is in
qualitative agreement with our numerical results in Fig. 1c. On the other hand, when φG is set
to zero (Fig. 4c), the patterns become symmetric, for both δ φL = 0 and δ φL = 0.
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Fig. 4. (Color online). Intensity of the total far field signal as evaluated by Eq. (6) for ρ =
0.4, 1, 2 (a); for ρ = 1, δ φL = π /8, 0 and: φG = 0 (b); and φG ≡ 0 (c).

The dependence on x0 enters Eq. (6) via the amplitude of the resonant signal and Gouy phase
shift φG . The former is exactly symmetric about the laser focus (x0 = 0) whereas the latter has
different signs for x0 > 0 and x0 < 0. Therefore, it is the Gouy phase shift that is responsible
for the asymmetry of the signal. While shadows do appear even if the Gouy phase shift is zero
(cf. Fig. 4c, δ φL = π /8), albeit with a lower contrast, the maximum of the intensity shifts from
the origin only if the Gouy phase shift is nonzero.
Finally, we note that if the nonresonant signal approaches zero (ρ → ∞ and I0 → 0 in Eq.(6)),
the dependence of the signal on the Gouy phase shifts disappears. It is thus important especially
when the nonresonant and resonant signals are of comparable amplitude, which can occur for
small Raman active scatters even in a weak nonresonant background.
5.

Conclusion

We have investigated a fundamental aspect of image formation in parametric nonlinear optical
microscopy, specifically CARS, using a combined numerical-experimental approach. In fluorescence microscopies, the spatial distribution of emitting molecules is directly mapped onto
image intensity: this is not so for parametric nonlinear optical detection. We considered CARS
imaging of a single Raman-active sphere, centered on the laser propagation axis, in the presence of a smooth nonresonant background. We observed experimentally that the TPEF signal
is symmetric about the laser focal plane, whereas the CARS signal is both asymmetric and displaced with respect to this plane. In the FDTD calculations, the detected CARS signal pattern is
also seen to be asymmetric about the focal plane. Furthermore, when the sphere is located before the focal plane, there is a distinct ‘shadow’ in the detected signal and this is also observed
experimentally. The maximum signal is detected when the scatterer is located behind the laser
focal plane. Through an analytical model, we confirmed that the ‘shadow’ results from interference between the nonresonant and resonant CARS signals, and that this asymmetry is caused
by the Gouy phase shift. In our future studies, we will investigate other processes affecting
image formation in nonlinear microscopy. We anticipate that this general numerical approach
to the nonlinear microscopy of spatially highly heterogeneous samples, of which live cells are
a prominent example, will play an important role in furthering the utility and applicability of
coherent Raman microscopies.
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A.

A Phenomenological Model of Interference Between the Resonant and Nonresonant
Signals

Here we present a derivation of Eq. (4), using the Green function formalism of Ref. [9]. We
assume that both the pump and Stokes laser beams can be described by a linearly polarized
Gaussian beam of width w0 and Rayleigh length xR :
Ex p,s (x, r) = 0,
Ey p,s (x, r) =

E0p,s
1 + (x/xR )2


exp −



r2
,
x
−
ω
t
+
φ
(x,
r)
+
φ
+
i
k
p,s
p,s
0
G
w20 (1 + (x/xR )2 )

Ez p,s (x, r) = 0,

φG (x, r) = − arctan(x/xR ) +

(8)

xr2
,
xR w20 (1 + (x/xR )2 )

where indices p and s correspond to pump and Stokes, respectively, E0 is the field amplitude,
φ0 an arbitrary phase, and x̂ is the direction of the laser propagation; x = 0 corresponds to the
position of the laser focus. We also assume that the following condition is fulfilled everywhere
in space (cf. [9])
(9)
kas = 2k p − ks = (2ω p − ωs )n/c,
where k is the wave vector length, as stands for the anti-Stokes signal, n is the constant linear
refraction index in the medium and c speed of light. Eq. (9) is a reasonable approximation for
tightly focused lasers.
Let us discuss the nonresonant signal first. Consider a point A located at position (x, r). Interaction between the nonresonant medium and the pump and Stokes beams gives rise to the
nonlinear polarization excited at the anti-Stokes frequency at point A. Assuming an isotropic
medium with weak nonlinearity and thus no coupling between different frequencies, this polarization is
(3)

Pxas NR (x, r) = 0,
(3)

(3)

Pyas NR (x, r) = χNR Ey2p (x, r)Ey∗s (x, r) =
(3)


exp
−
3/2

2 E
χNR E0p
0s

[1 + (x/xR )2 ]


3r2


ei
w20 1 + (x/xR )2



kas x−ωas t+φG (x,r)+φ0



,

(10)

(3)

Pzas NR (x, r) = 0,
(3)
(3)
where χNR is the (purely real) third-order susceptibility of the medium. Substituting PyNR (x, r)
into Eq. (13) of Ref. [9], one can write the nonresonant anti-Stokes signal at a point P = (xP , 0)
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located on the laser axis in the far-field zone (i.e., xP  xR )
Exas NR (P) =0,
2 exp(ik x )
∞
∞
ωas
(3)
as P
dx
2π rdr exp(−kas x)Pyas NR (x, r) =
2
c
xP
−∞
0


∞
∞
ω 2 exp i(kas xP − ωast + φ0 )
dx
2π rdr×
− as
2
c
xP
−∞
0
(3) 2


χNR E0p
E0s
3r2
 eiφG (x,r) =
exp − 2 
3/2
2
2
[1 + (x/xR ) ]
w0 1 + (x/xR )


2
ωas exp i(kas xP − ωast + φ0 ) w20 xR π 2 (3) 2
− 2
χNR E0p E0s ,
c
xP
2
Ezas NR (P) =0,

Eyas NR (P) = −

or



Eyas NR (P) = −E0NR exp i(kas xP − ωast + φ0 ) ,

(11)

(12)

where E0NR is the overall amplitude of the nonresonant signal.
We now discuss the response of the resonant spherical scatterer of radius R located on the
laser axis at point (x0 , 0). The resonant nonlinear susceptibility at the anti-Stokes frequency is
(3)
(3)
purely imaginary; we denote it as iχR , where χR is a positive real number. If R w0 , xR then
the nonzero component of the nonlinear polarization is
⎧
(3) 2


⎪
iχR E0p
E0s
⎪
⎪
i kas x−ωas t+φG (x0 ,0)+φ0
⎨
, if (x − x0 )2 + r2 ≤ R2
e
2 ]3/2
(3)
[1
+
(x
/x
)
0 R
(13)
Pyas R (x, r) =
⎪
⎪
⎪
⎩
0, otherwise.
Substituting Eq. (13) into Eq. (13) of Ref. [9] and performing the spatial integration, we obtain
the resonant signal at the point P
2 exp(ik x )
∞
∞
ωas
(3)
as P
dx
2π rdr exp(−kas x)Pyas R (x, r) =
2
c
xP
−∞
0


(3) 2
2 exp i(k x − ω t + φ (x , 0) + φ + π ) 4π
χR E0p
E0s
ωas
as P
as
0
G 0
2
− 2
R3
,
c
xP
3
[1 + (x0 /xR )2 ]3/2

Eyas R (P) = −

or

(14)


E0R
π 
(15)
exp i(kas xP − ωast + φG (x0 , 0) + φ0 + ) ,
3/2
2
2
[1 + (x0 /xR ) ]
is the amplitude of the resonant signal, generated by the scatterer located at the

Eyas R (P) = −

where E0R
origin.
If the linear index mismatch is nonzero, this can result in both amplitude and phase of the
resonant signal being changed. For a small scatterer, however, these changes will be small. For
this qualitative model, we neglect the change in amplitude of the signal, but will keep the phase
shift, since even small phase shifts in the resonant signal can noticeably affect the interference
with the nonresonant signal. The resonant signal is then


π
E0R
exp i(kas xP − ωast + φG (x0 , 0) + φ0 + + δ φL ) ,
(16)
Eyωas R (P) = −
3/2
2
2
[1 + (x0 /xR ) ]
where δ φL is the phase shift resulting from the linear index mismatch.
Absorbing the negative sign in Eqs. (12) and (15) into the arbitrary phase φ0 and taking the
real part, one readily obtains Eq. (4).
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